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The Complete List of Maximal Cliques of Quad.n; q/; q Even
JOE HEMMETER AND ANDREW WOLDAR
The graph Quad.n; q/ has as its vertices all of the quadratic forms on a given vector space of
dimension n over the field of q elements, with two vertices being adjacent if the rank of their difference
is 1 or 2. The classification of the maximal cliques of Quad.n; q/, for q even, is herein completed.
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1. INTRODUCTION
Let q be a prime power, F be a field of order q and V be a vector space of finite dimension
n over F . We define the distance-regular graph Q D Quad.n; q/ as follows: the vertex set
of Q is the set of all quadratic forms on V , with forms x and y adjacent in Q if the rank
rk.x − y/ D 1 or 2. Information on Q may be found in [1] or [2].
The problem that concerns us is that of classifying the maximal cliques of Q. This classifi-
cation was begun in [5], where the cliques of size at least q2 C q C 3 were classified. In the
case where the characteristic of F is odd, the complete classification was obtained in [7] and
[4]. In the even characteristic case, the work of [5] was extended in [6] to cliques of size at
least maxfq C 4; 9g. Here we complete the classification for even q. Our argument is inspired
by the solution of a similar problem in [3].
From now on, we shall assume that q is even and q  4. (The maximal cliques for q D 2
were completely classified in [5].) For x 2 Q and C  Q, we call CCx D fyCx V y 2 Cg the
translation of C by x . We also write x  y to indicate that the vertices x and y are adjacent.
Let us first summarize what is known. In [5] and [6], five types of maximal cliques are
identified.
(1) For any vertex x0 of Q, there is an associated maximal clique fx 2 Q V rk.x− x0/  1g,
called a type 1 clique. It has size qn .
(2) Let x0 be a quadratic form with associated alternating form B0, let W be an .n − 1/-
dimensional subspace of V , and let v 2 V nW and a 2 F . We denote by B.W; B0/
the set of alternating forms B on V such that BjW D B0jW , where BjW denotes the
restriction of B to WW . We are now in a position to define the type 2 clique associated
with x0;W; v and a: Quadratic form x with associated alternating form B is in the clique
if and only if
(i) B 2 B.W; B0/, and
(ii) for every u 2 W; x.u/ D aT.B − B0/.u; v/U2 C x0.u/.
Type 2 cliques also have size qn . If we denote this clique by D, we will refer to the
associated subspace W as W .D/. Cliques of types 1 and 2 are called grand cliques.
(3) Let U be an .n − 2/-dimensional subspace of V and x0 2 Q. Then fx 2 Q V Rad.x −
x0/  U g is a maximal clique. It is called a cubic clique since it has size q3.
(4) Let D be a type 2 clique containing zero, and let x0 be a rank 2 quadratic form with the
property that Rad.x/ 6 W .D/. Then fx0g [ fx 2 D V x  x0g is a maximal clique. It,
and any of its translates, is called a quadratic clique since it has size q2 C 1.
0195-6698/99/010081 + 05 $30.00/0 c© 1999 Academic Press
82 J. Hemmeter and A. Woldar
(5) Finally, let D1; D2 and D3 be type 2 cliques and suppose that 0, x1 2 D1 \ D2; x2 2
D1 \ D3; x3 2 D2 \ D3, where rk.xi / D 2 for i D 1; 2; 3 and Rad.x1/ C Rad.x2/ C
Rad.x3/ D V . Then .D1 \ D2/[ .D1 \ D3/[ .D2 \ D3/, and any of its translates, is a
maximal clique, called a linear clique. The size of a linear clique is either 3q or 3q − 2.
THEOREM 1 (THEOREM 5.1 OF [6]). Let C be a maximal clique of Q. If the size of C is
at least maxfq C 4; 9g then C is either grand, cubic, quadratic or linear.
In fact, as we shall see below, there is only one other type of maximal clique, with size 8.
Our main result is given in Theorem 10.
Next we state some lemmas from [6] which are used below.
LEMMA 2 (LEMMAS 2.1 AND 2.2 OF [6]). Let a and b be adjacent rank 2 forms with
distinct radicals. Then there exists a unique type 2 clique containing zero, a and b:
f0; a; bg [ fx V x  0; x  a; x  b and Rad.x/  Rad.a/C Rad.b/g:
LEMMA 3 (LEMMA 2.5 OF [6]). Let C be a non-grand, non-cubic maximal clique con-
taining zero, a, b.
(i) If rk.a/ D rk.b/ D 2 and Rad.a/ D Rad.b/, then there exist type 2 cliques D1 and D2
such that C  D1 [ D2.
(ii) For a; b 2 C; a 6D b, it is always the case that rk.a − b/ D 2.
LEMMA 4 (THEOREM 4.4 OF [6]). Let C be a clique contained in D1 [ D2 with D1; D2
distinct type 2 cliques containing zero and jCnDi j  2; i D 1; 2. Suppose that all nonzero
forms in C have rank 2 and that at least one such has radical lying outside of W .Di / for some
i . Then there exists a unique type 2 clique D3 such that both .D1nD2/\C and .D2nD1/\C
lie inside D3.
2. THE CLASSIFICATION
Now let us begin our argument.
For the remainder of this paper, C will denote a maximal clique of Q which is not grand,
cubic, quadratic or linear.
LEMMA 5.
(i) If D is a type 2 clique then jCnDj  2.
(ii) If E is a cubic clique, then jC \ E j  2.
PROOF. (i) This is an immediate consequence of C being neither grand nor quadratic.
(ii) If jC \ E j  3, then Lemma 3 implies that C lies in the union of two type 2 cliques. But
cliques lying in the union of two type 2 cliques are precisely the cliques characterized in [6]:
such a clique is grand, quadratic or linear. 2
LEMMA 6. Let a; b and c be distinct elements of C. Then there is a unique type 2 clique
containing a; b and c.
PROOF. Translating if necessary, we may assume that c D 0. Then Lemma 5(ii) implies
that Rad.z/ 6D Rad.b/. Therefore, Lemma 2 applies. 2
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LEMMA 7. Let D1 and D2 be type 2 cliques with
jD1 \ D2 \ C j  1; j.D1nD2/ \ C j  2; j.D2nD1/ \ C j  2:
Then there exists a unique type 2 clique D3 such that .D1nD2/\C  D3 and .D2nD1/\C 
D3.
PROOF. We will show that Lemma 4 applies. Translating if necessary, we may assume
0 2 D1 \ D2. Now Lemma 3(ii) implies that all nonzero forms in C have rank 2. Let
a; b 2 D1nD2 and c; d 2 D2nD1. Then D1 D T0; a; bU. Since c =2 D1, Lemma 2 tells us that
the radical of c is not in W .D1/. Therefore Lemma 4 applies and the result follows. 2
LEMMA 8. There exists a type 2 clique D such that jC \ Dj  4.
PROOF. Lemmas 5 and 6 imply that jC j  5. Let a; b; c; d; e 2 C , with D1 D Ta; b; cU and
D2 D Ta; d; eU. If jC \ Di j < 4 for i D 1; 2, then we have the situation of Lemma 7. Thus, if
D3 is the clique of Lemma 7, we have jC \ D3j  4. 2
LEMMA 9. Let D1 and D2 be type 2 cliques, jD1 \ C j  4; jD1 \ D2 \ C j  1 and
j.D2nD1/ \ C j  2. Then jD1 \ C j D 4 D jD2 \ C j and jD1 \ D2 \ C j D 2.
PROOF. Since jD1 \ D2 \ C j  2 by Lemma 6, we must have j.D1nD2/ \ C j  2, so
Lemma 7 applies. Since jD3 \ Di \ C j  2 for i D 1; 2, the result follows. 2
THEOREM 10. Let C be a maximal clique of Quad.n; q/ with q even and q  4. Further
suppose that C is not a grand, cubic, quadratic or linear clique. Then jC j D 8. Moreover,
such cliques exist for all n; q.
PROOF. The last two lemmas ensure that there is a type 2 clique D1 such that jD1 \
C j D 4, say D1 \ C D fa; b; c; dg. By Lemma 5, there must exist e; f =2 D1. Let D2 D
Ta; e; f U. Without loss of generality, by Lemma 9, b 2 D2. Let D3 be as in Lemma 9, so that
fc; d; e; f g D D3 \ C .
Since C is not a linear clique, there must be another element g in C . Now let D4 D
Ta; c; gU. By using Lemmas 6 and 9, we see that D4 must contain either e or f . Without
loss of generality, suppose e 2 D4. Continuing in this way, we generate D5; D6 and D7 with
fb; d; e; gg D D5 \ C; fb; e; f; gg D D6 \ C and fa; d; f; gg D D7 \ C .
Suppose that C has an eighth element h. Arguing as above, we obtain seven new type
2 cliques whose intersections with C are fe; f; g; hg, fc; d; g; hg, fa; b; g; hg, fb; d; f; hg,
fa; c; f; hg, fa; c; d; hg and fb; c; e; hg. We now see that there cannot be a ninth element k,
for if there were, we could conclude that there is some type 2 clique whose intersection with
C is fe; f; g; kg, which violates Lemma 6. Therefore jC j is 7 or 8.
It is not clear from the above arguments whether an eighth element of C actually exists. (In
fact a similar argument produces a similar clique when q is odd. In that case, however, no
eighth element does exist.) In order to complete the proof, we will have to coordinatize.
We recall from [5] that we may assume dimV D 3. Without loss of generality, we may
further assume that a D 0, that the bilinear forms of b; c and e are given respectively by
Bb D
 0 0 0
0 0 1
0 1 0
!
Bc D
 0 0 1
0 0 0
1 0 0
!
Be D
 0 1 0
1 0 0
0 0 0
!
84 J. Hemmeter and A. Woldar
with respect to some basis fv1; v2; v3g of V , and that we have
b.v1/ D 0; b.v2/ D ; b.v3/ D ;
c.v1/ D ; c.v2/ D 0; c.v3/ D γ;
e.v1/ D ; e.v2/ D γ; e.v3/ D 0:
A quadratic form y with bilinear form
By D
 0 x1 x2
x1 0 x3
x2 x3 0
!
is adjacent to all of a; b; c; e if and only if
y.v1/ D x22 C x21 C x1x2; y.v2/ D x23 C x21γ C x1x3; y.v3/ D x23 C x22γ C x2x3
In specifying the remaining forms of C , we will therefore refer only to the bilinear forms, as
they suffice to determine the quadratic forms in this instance.
Now d 2 D1 D Ta; b; cU, f 2 D2 D Ta; b; eU and g 2 D4 D Ta; c; eU, so we may write
Bd D
 0 0 2
0 0 3
2 3 0
!
B f D
 0 1 0
1 0 3
0 3 0
!
Bg D
 0 1 2
1 0 0
2 0 0
!
:
Note that 2; 3 6D 0 as d =2 D2; D4. Similarly 1; 3; 1; 2 6D 0. In order for d; f and g to
be pairwise adjacent, it is necessary and sufficient that
3.1 C 1/ D 3.2 C 1/; 2.1 C 1/ D 2.3 C 1/; 1.2 C 1/ D 1.3 C 1/:
Note that 2 C 3 C 1 D 0 if and only if both 1 C 3 C 1 D 0 and 1 C 2 C 1 D 0. These
together imply that d; f and g lie together in a cubic clique, in contradiction to Lemma 5(ii),
so we must have
2 C 3 C 1 6D 0:
At this point we can see that fa; b; c; d; e; f; gg is not maximal, as h given by
Bh D
 0 1 2
1 0 3
2 3 0
!
;
where
1 D 1
1C 2
1
C 3
1
; 2 D 2
1
1; 3 D 3
1
1;
is adjacent to all of these vertices. We conclude that C cannot have size 7. To finish the proof,
one needs to verify only that fa; b; c; d; e; f; g; hg is not contained in any of the known cliques.
This verification will be left to the reader. (The fact that 2 C 3 C 1 6D 0 is crucial.) 2
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